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Motivated by Mo¨bius transformation for symmetrical points under the generalized
circle in complex plane, the system of symmetrical spin coherent states correspond-
ing to antipodal qubit states is introduced. It implies the maximally entangled spin
coherent states basis, which in the limiting cases reduces to the Bell basis. A specific
property of our symmetric image coherent states is that they never become unentan-
gled for any value of ψ from complex plane. By the reduced density matrix and the
concurrence determinant methods, it is shown that our basis is maximally entangled.
In addition we find that the average of spin operators in these states vanish, as it
must be according to another, operational definition of completely entangled states.
Universal one qubit and two qubit gates in this new basis are calculated and time
evolution of these states for some spin systems is derived. We find that the average
energy for XYZ model in two qubit case (Q symbol of H) shows regular finite energy
localized structure with characteristic extremum points, and appears as a soliton in
maximally entangled two qubit phase space. Generalizations to three and higher
qubit states are discussed.
PACS numbers:
I. INTRODUCTION
The coherent states has been introduced first by E. Schro¨dinger for the harmonic os-
cillator, in attempt to construct maximally classical states evolving according to classical
equations of motion [1]. Then R.J. Glauber considered the coherent states on the Heisenberg-
Weyl group [2], which becomes important tool for description of coherent laser beams in
quantum optics. Generalized coherent states to arbitrary Lie group has been invented by
A. Perelomov and some particular realizations have been discussed by many researchers [3].
2Important class of coherent states for SU(2) and SU(1,1) groups describes spin waves in
Heisenberg spin model of ferromagnetism [4], [5]. The SU(1,1) coherent states has been
applied also in superfluidity theory for description of the Bogoliubov condensate state [9], in
terms of pseudospin [6], [5]. Impossible here to mention all papers devoted to the subject.
But in all of these applications the direct product of coherent states is explored, which means
separability of the states.
Recently in quantum information and quantum computation theory the entangled coher-
ent states become interesting tool to study entanglement in quantum systems. This way
in addition to the Glauber coherent state |α〉 another state | − α〉 has been considered. In
terms of these states entangled states like |α〉|α〉+ |−α〉|−α〉 has been discussed by several
authors [7]. However, these states are not orthogonal 〈−α|α〉 = e−2|α|2, and it creates several
complications of computational and interpretational character. Thought one can construct
the even and odd coherent states [11] (|α〉 ± | − α〉)/√2, which are orthonormal and thus
determine the qubit basis in two dimensional Hilbert space.
In the present paper, motivated by Mo¨bius transformation and its action on symmetrical
points of the generalized circle in complex plane, we introduce the set of spin 1/2 coherent
states which are orthogonal and maximally entangled. The paper is organized as follows.
In Sec. 2 we pedagogically introduce relation between Mo¨bius transformation and qubit.
Special attention we paid for so called symmetrical points in unit circle, which appear in
the method of images from hydrodynamics, and related symmetric qubit quantum states.
In Section 3 we construct an orthonormal basis from symmetric antipodal qubit states and
elementary gates as Mo¨bius transformations. Section 4 devoted to symmetric two qubit
coherent states. In Section 5 we show that the set of states introduced in previous section is
maximally entangled. We follow two different methods, the reduced density matrix method
and the determinant method. Then we show that the average of spin operators in our states
is vanish. This property also confirm that our states are maximally entangled, according to
another, operational definition of entangled states as maximally non-classical states. As an
application of our results, in Section 6 we calculate average energy on our coherent states
(Q symbol of H) for two and three qubit cases in XYZ model. This energy surface shows
regular character with extremum points and appears as a soliton in maximally entangled
qubit space. Time evolution of concurence and fidelity in coherent states are derived in
Section 7.
3II. LINEAR FRACTIONAL TRANSFORMATION AND SYMMETRICAL
QUANTUM STATES
A. Mo¨bius transformation and qubit
There is well known relation between the group of linear fractional transformations, or
the Mo¨bius transformations,
w = S(ψ) =
aψ + b
cψ + d
(1)
ad − bc 6= 0 and group of two-by-two complex matrices [10]. Any matrix from the group
acting on states 
 w1
w2

 =

 a b
c d



 ψ1
ψ2

 (2)
in terms of homogeneous coordinates ψ = ψ1/ψ2, w = w1/w2, implies fractional trans-
formation (1). If we consider two quantum states from two dimensional Hilbert space
|ψ〉 =
(
ψ1 ψ2
)T
and |w〉 =
(
w1 w2
)T
related by linear transformation |w〉 = U |ψ〉,
then it implies fractional transformation (1) in extended complex plane C.
In quantum computations we have a qubit as a unit of information
|ψ〉 =

 ψ1
ψ2

 , |ψ1|2 + |ψ2|2 = 1 (3)
then, in terms of homogeneous coordinate ψ = ψ2/ψ1 we have
|ψ〉 =

 ψ1
ψ2

 = ψ1

 1
ψ

 . (4)
We fix ψ1 by normalization condition 〈ψ|ψ〉 = 1, so that up to the global phase we have the
qubit state
|ψ〉 = 1√
1 + |ψ|2

 1
ψ

 . (5)
This state coincides with the spin 1/2 generalized coherent state [12]. From another side,
|θ, ϕ〉 = cos θ
2
|0〉+ sin θ
2
eiϕ|1〉 =

 cos θ2
sin θ
2
eiϕ

 (6)
4determined by point (θ, ϕ) on the Bloch sphere, and parameterized by the homogeneous
variable
ψ =
ψ2
ψ1
= tan
θ
2
eiφ (7)
determines the stereographic projection of point (sin θ cosφ, sin θ sinφ, cos θ) on the unit
sphere to the complex plane ψ. Therefore the Bloch sphere considered as a Riemann sphere
for the extended complex plane ψ by the stereographic projection, determines the SU(2) or
the spin coherent state
|ψ〉 = |0〉+ ψ|1〉√
1 + |ψ|2 . (8)
The computational basis states |0〉 = | ↑〉 =
(
1 0
)T
and |1〉 = | ↓〉 =
(
0 1
)T
in this
coherent state representation are just points in extended complex plane (ℜψ,ℑψ)∪{∞}, as
ψ = 0 and ψ = ∞ respectively. These points are symmetrical points under the unit circle
at the origin.
B. Symmetric points
In complex analysis these two points are symmetrical under the unit circle ψ¯ψ = |ψ|2 = 1.
In general, two points ψ and ψ∗ are called symmetrical with respect to the circle C through
ψ1, ψ2, ψ3 if and only if (ψ
∗, ψ1, ψ2, ψ3) = (ψ, ψ1, ψ2, ψ3) where the cross ratio of four points
is
(ψ, ψ1, ψ2, ψ3) =
(ψ − ψ2) (ψ1 − ψ3)
(ψ − ψ3) (ψ1 − ψ2) . (9)
The circle here is considered in the generalized form, that includes also a line, regarded as
a circle with an infinite radius. On the Riemann sphere all generalized circles are coming
from intersection of the sphere with a plane, so that if the plane passes the north pole, the
corresponding projection would be a line. For the unit circle at the origin, we can choose
ψ1 = −1, ψ2 = i, ψ3 = 1 so that the symmetrical point of ψ is ψ∗ = 1/ψ¯. It means that
points ψ and ψ∗ have the same argument and are situated on the same half line from the
origin, so that if one of the point is out of the circle, the second one is inside the circle, and
vice versa. Hence points ψ = 0 and ψ∗ = ∞ are symmetrical points with respect to the
circle.
The cross product (9) is invariant under the Mo¨bius transformation, so that if a Mo¨bius
transformation carries a generalized circle C1 into a circle C2, then it transforms any pair of
5symmetrical points with respect to C1 into a pair of symmetrical points with respect to C2.
According to this, if one considers the Mo¨bius transformation, mapping the unit circle to the
imaginary axis (see Sect. 3.4 and fractional transformation corresponding to the Hadamard
gate),
ψH =
1− ψ
1 + ψ
(10)
where the last one represents the generalized circle, then symmetric point to complex number
ψ is just reflection in imaginary axis: −ψ¯ : ψ → −ψ¯. For the Mo¨bius transformation
ψH = i
1− ψ
1 + ψ
(11)
mapping the unit circle to the real axis, the symmetric point to ψ is ψ¯ : ψ → ψ¯. The
composition of symmetric points in real axis: ψ → ψ¯, in imaginary axis: ψ¯ → −ψ and then
in the unit circle: −ψ → − 1
ψ¯
, produce the inverse-symmetric point ψ → − 1
ψ¯
. The above
symmetric points have simple meaning on the Riemann sphere:
1. ψ and ψ∗ = ψ¯ are projections of symmetric points M(x, y, z) and M∗(x,−y, z)
2. ψ and ψ∗ = −ψ¯ are projections of symmetric points M(x, y, z) and M∗(−x, y, z)
3. ψ and ψ∗ = 1
ψ¯
are projections of symmetric points M(x, y, z) and M∗(x, y,−z)
4. ψ and ψ∗ = − 1
ψ¯
are projections of symmetric points M(x, y, z) and M∗(−x,−y,−z)
The last one corresponds to the antipodal points on the Riemann sphere. One notice
that in the above reflections *- defines anti-automorphisms considered in [8].
C. Symmetric qubits
Symmetric points are important in the hydrodynamics theory and related with the so
called method of images [13]. For point vortex in the plane bounded by the cylindrical
domain [13] or the annular domain (canonical region for two cylinders problem)[14], the
symmetrical points represent images of the vortex. Now we like to introduce the coherent
states corresponding to symmetric points, representing symmetrical pair of qubits with re-
markable properties. Then in some sense we can speak about method of images in quantum
theory. For given qubit
|θ, ϕ〉 = cos θ
2
|0〉+ sin θ
2
eiϕ|1〉 =

 cos θ2
sin θ
2
eiϕ

 (12)
6in case 1. we have the symmetric one
|θ,−ϕ〉 = cos θ
2
|0〉+ sin θ
2
e−iϕ|1〉 =

 cos θ2
sin θ
2
e−iϕ

 (13)
and in the second case 2. we have
|θ, π − ϕ〉 = cos θ
2
|0〉 − sin θ
2
e−iϕ|1〉 =

 cos θ2
− sin θ
2
e−iϕ

 . (14)
Since the unit circle in the ψ plane: |ψ|2 = 1, represents equator on the Bloch sphere,
then any point on upper heme-sphere projects to the external part of the unit circle. While
the lower heme-sphere is projected to internal part of the circle. It is easy to see that if point
M(x, y, z) is projected to ψ, then reflected in equator point M∗(x, y,−z) is projected to the
symmetrical point ψ∗. According to these two points we have ”symmetric” qubit state in
the case 3.
|π − θ, ϕ〉 = sin θ
2
|0〉+ cos θ
2
eiϕ|1〉 =

 sin θ2
cos θ
2
eiϕ

 (15)
These pairs of qubit states define the symmetric qubit coherent states. The corresponding
points M and M∗ on Bloch sphere are mirror images of each other in coordinate planes
xz, yz, xy respectively. This is why we can call symmetrical qubit states 13 , 14, 15 as
mirror image qubits. For every complex number ψ as projection of point (θ, φ), we have the
coherent state (5). Then every symmetric point determines the symmetric coherent state.
For symmetric point ψ∗ = ψ¯,
|ψ¯〉 = |0〉+ ψ¯|1〉√
1 + |ψ|2 . (16)
For the point ψ∗ = −ψ¯,
| − ψ¯〉 = |0〉 − ψ¯|1〉√
1 + |ψ|2 (17)
For point ψ∗ = 1
ψ¯
. the symmetric coherent states of qubit is
|ψ∗〉 = | 1
ψ¯
〉 = ψ¯|0〉+ |1〉√
1 + |ψ|2 (18)
In the limiting case of symmetric points ψ = 0 and ψ∗ =∞ for the first two cases we have
computational basis. In the third case the reversed basis |ψ = 0〉 = |1〉, |ψ∗ = ∞〉 = |0〉
Now, if one has dealing with one qubit gate represented by the linear transformation (2), then
7it transforms the unit circle at origin to a generalized circle in such a way that symmetrical
points in the first circle transform to symmetrical points with respect to the new one. It
will define the transformation rule for symmetric qubit states. In next sections we find these
Mo¨bius transformations related to basic quantum gates.
III. ANTIPODAL ORTHOGONAL SYMMETRIC COHERENT QUBIT STATES
A. Generalized coherent state computational basis
According to our definition of symmetric coherent states, expansion of an arbitrary qubit
state in computational basis |φ〉 = c1|0〉+c2|1〉 can be considered as an expansion to specific
symmetrical coherent states. Then we have natural generalization of this expansion to
arbitrary symmetrical states (16), (17), (18)
|φ〉 = d1|ψ〉+ d2|ψ∗〉 (19)
considering states |ψ〉 and |ψ∗〉 as a basis. However this basis is not orthonormal due to for
(18)
〈ψ∗|ψ〉 = 2|ψ|
1 + |ψ|2 ≤ 1. (20)
d1 = 〈ψ|φ〉 = c1 + ψ¯c2√
1 + |ψ|2 , d2 = 〈ψ
∗|φ〉 =
|ψ1|c1 + |ψ|ψ c2√
1 + |ψ|2 (21)
and we have
|φ〉 = c1 + ψ¯c2√
1 + |ψ|2 |ψ〉+
|ψ1|c1 + |ψ|ψ c2√
1 + |ψ|2 |ψ
∗〉 (22)
It becomes orthonormal only in specific case of computational basis when ψ → 0 or ψ →∞.
In the special case when one of the points ψ belongs to unit circle |ψ| = 1, the symmetric
points coincide ψ = ψ∗ so that 〈ψ∗|ψ〉 = 〈ψ|ψ∗〉 = 1 and we have just one state.
1. Antipodal qubit and Inverse-symmetric basis
The above introduced states |ψ〉 and |ψ∗〉 in (16), (17), (18) are not orthogonal. To have
the orthogonal states for given state |ψ〉 we consider the inverse-symmetric state | − ψ∗〉
in the case 4. This state is represented by point −ψ∗ = −1/ψ¯ which is rotation of the
symmetric point ψ∗ on angle π, and which belongs to the line through points ψ and ψ∗. We
8call this point as the inverse symmetric point or inverse mirror image and corresponding
coherent state as the inverse-symmetric coherent state (inverse mirror image state). On the
Bloch sphere for point M(x, y, z) representing qubit state |θ, ϕ〉, it is given by antipodal
point −M∗(−x,−y,−z) corresponding to state
|π − θ, ϕ+ π〉 = sin θ
2
|0〉 − cos θ
2
eiϕ|1〉 =

 sin θ2
− cos θ
2
eiϕ

 (23)
which we call the antipodal qubit state. For the state (5) we have explicitly
| − ψ∗〉 = |0〉 − ψ
∗|1〉√
1 + |ψ∗|2 =
|ψ||0〉 − |ψ|
ψ¯
|1〉√
1 + |ψ|2 (24)
Up to phase this state can be written in the form
| − ψ∗〉 = −ψ¯|0〉+ |1〉√
1 + |ψ|2 (25)
In contrast to symmetric state (18), the inverse-symmetric state (24) is orthogonal to |ψ〉:
〈−ψ∗|ψ〉 = 0 (26)
Then, states |ψ〉 and | − ψ∗〉 form the orthonormal basis so that for any state
|φ〉 = e1|ψ〉+ e2| − ψ∗〉 (27)
we have
e1 = 〈ψ|φ〉 = c1 + c2ψ¯√
1 + |ψ|2 , e2 = 〈−ψ
∗|φ〉 = −ψc1 + c2√
1 + |ψ|2 (28)
2. Antipodal orhogonal coherent state for arbitrary representation j
The antipodal states can be derived also for spin j representation of su(2) Lie algebra:
[J3, J+] = J+, [J3, J−] = −J−, [J+, J−] = 2J3 (29)
where J± = 12(J1 ± iJ2), so that
J+|j,m〉 =
√
(j −m)(j +m+ 1)|j,m+ 1〉, (30)
J−|j,m〉 =
√
(j −m+ 1)(j +m)|j,m− 1〉 (31)
9J3|j,m〉 = m|j,m〉 (32)
where −j ≤ m ≤ j. The coherent state |ψ〉, ψ ∈ C, is defined by
|ψ〉 = 1
(1 + |ψ|2)j
2j∑
k=0
(
(2j)!
k!(2j − k)!
)1/2
ψk|j,−j + k〉 (33)
For the scalar product of two coherent states after simple calculation we have
〈φ|ψ〉 = (1 + φ¯ ψ)
2j
(1 + |φ|2)j(1 + |ψ|2)j . (34)
Then orthogonality condition implies 1+ φ¯ ψ = 0 or the inverse-symmetric point in the unit
circle φ = − 1
ψ¯
. Representation of these coherent states in terms of unit vector n
〈n1|n2〉 = eiθ(n1,n2)
(
1 + n1n2
2
)j
(35)
shows that the above points are antipodal points on the sphere n1n2 = −1.
B. Unitary Mo¨bius transformation
From arbitrary fractional linear transformations (1) determined by SL(2, C) matrix for
quantum computations important is a class of unitary transformations given by matrix
U =

 a b
−b¯ a¯

 (36)
where |a|2 + |b|2 = 1. Acting on a qubit state |ψ〉 = ψ1|0〉 + ψ2|1〉, it implies the Mo¨bius
transformation
φU =
aψ + b
−b¯ψ + a¯ (37)
for ψ = ψ1/ψ2 and the linear transformation
|ψU〉 = | aψ + b−b¯ψ + a¯〉 = U |ψ〉 (38)
acting, up to the phase, on the coherent state
|ψ〉 = 1√
1 + |ψ|2

 ψ
1

 . (39)
This state differs from the state (5) by flipping transformation.
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The NOT gate σ1 = X ≡ NOT acts on a qubit state |ψ〉 = ψ1|0〉+ ψ2|1〉 as flipping
|ψNOT 〉 = σ1|ψ〉 = ψ2|0〉+ ψ1|1〉 (40)
and imply the Mo¨bius transformation ψ → ψNOT = 1ψ connecting (up to phase) two coherent
states (5) and (39):
|ψNOT 〉 = 1√
1 + |ψNOT |2

 ψNOT
1

 = 1√
1 + |ψ|2

 1
ψ

 . (41)
Due to this we denote the flipped state (39) as |ψNOT 〉. Next we consider the Hadamard
gate and the phase gate, as the universal gates.
1. The Hadamard gate
H =
1√
2

 1 1
1 −1

 (42)
acts on coherent state (5) as
|ψH〉 = H|ψ〉 = 1√
1 + |ψ|2

 1 + ψ
1− ψ

 = 1√
1 + |ψH |2

 1
ψH

 , (43)
and implies the Mo¨bius transformation
ψH =
1− ψ
1 + ψ
(44)
on state (18)
|ψ∗H〉 = H|ψ∗〉 =
1√
1 + |ψ∗|2

 1 + ψ∗
1− ψ∗

 = 1√
1 + |ψ∗H |2

 1
ψ∗H

 (45)
or
ψ∗H =
1− ψ∗
1 + ψ∗
=
ψ¯ − 1
ψ¯ + 1
. (46)
Under this fractional transformation, the unit circle |ψ|2 = 1 transforms to the imaginary
axis in ψ plane: ψH = iℑψH , and images of symmetric points ψH and ψ∗H are located
symmetrically around this axis. The corresponding transformed symmetric states |ψH〉 and
|ψ∗H〉 are located on the Bloch sphere, equidistantly from the vertical plane through ℜψ = 0.
For the inverse symmetric point we obtain
(−ψ∗)H = 1 + ψ
∗
1− ψ∗ =
ψ¯ + 1
ψ¯ − 1 = −
1
ψ¯H
(47)
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This formula means that points ψH and (−ψ∗)H are inverse-symmetric points but now with
respect to the unit circle at the origin. So the Hadamard gate transforms symmetric points
with respect to unit circle to symmetric points with respect to imaginary axis, and the
inverse-symmetric points to the inverse symmetric points but with respect to the unit circle.
2. For the phase shift gate
Rz(θ) =

 1 0
0 eiθ

 (48)
we have
|ψR〉 = Rz(θ)|ψ〉 = 1√
1 + |ψ|2

 1
eiθψ

 = 1√
1 + |ψR|2

 1
ψR

 (49)
which implies simple rotation around the origin on angle θ : ψR = e
iθψ. The same rotation
acts on symmetric and the inverse symmetric points.
1. Coherent Hadamard Basis
The Hadamard basis H|0〉 = 1√
2
(|0〉 + |1〉) ≡ |+〉 and H|1〉 = 1√
2
(|0〉 − |1〉) ≡ |−〉 by
transformation U |0〉 = |ψ〉 and U |1〉 = | − ψ∗〉 transforms to
U |+〉 = 1√
2
(|ψ〉+ | − ψ∗〉) ≡ |ψ+〉 (50)
U |−〉 = 1√
2
(|ψ〉 − | − ψ∗〉) ≡ |ψ〉 (51)
This coherent state Hadamard basis is generated from the coherent states by unitary trans-
formation
|ψ+〉 = (UHU−1)|ψ〉 (52)
|ψ−〉 = (UHU−1)| − ψ∗〉 (53)
IV. TWO QUBIT CASE
A. Coherent state orthonormal basis
Here we consider the two qubit coherent state
|ψ1〉|ψ2〉 = 1√
1 + |ψ1|2
√
1 + |ψ2|2
(
1 ψ2 ψ1 ψ1ψ2
)T
(54)
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By proper choice of ψ1 and ψ2 we can construct two qubit orthonormal coherent states basis.
We find this basis in the next form
|ψ〉|ψ〉 = 1
1 + |ψ|2
(
1 ψ ψ ψ2
)T
(55)
|ψ〉| − ψ∗〉 = 1
1 + |ψ|2
(
−ψ¯ 1 −|ψ|2 ψ
)T
(56)
| − ψ∗〉|ψ〉 = 1
1 + |ψ|2
(
−ψ¯ −|ψ|2 1 ψ
)T
(57)
| − ψ∗〉| − ψ∗〉 = 1
1 + |ψ|2
(
ψ¯2 −ψ¯ −ψ¯ 1
)T
(58)
They form the orthonormal coherent state basis. And can be generated from the computa-
tional basis by operator U = 1√
1+|ψ|2

 1 −ψ¯
ψ 1


|ψ〉|ψ〉 = (U ⊗ U)|00〉 = Uˆ12|00〉 (59)
|ψ〉| − ψ∗〉 = (U ⊗ U)|01〉 = Uˆ12|01〉 (60)
| − ψ∗〉|ψ〉 = (U ⊗ U)|10〉 = Uˆ12|10〉 (61)
| − ψ∗〉| − ψ∗〉 = (U ⊗ U)|11〉 = Uˆ12|11〉 (62)
where Uˆ12 = U ⊗ U .
1. Generation of Maximally Entangled States from Coherent State Basis
But due to separability these states are not entangled as well as the computational basis.
However we can generate maximally entangled Bell states from the computational basis by
using a combination of Hadamard gate and a CNOT gate. We first apply the Hadamard
gate to the left qubit then apply the CNOT gate C : CNOT (H ⊗ I)
C|00〉 = |φ+B〉 =
1√
2
(|00〉+ |11〉), C|01〉 = |ψ+B〉 =
1√
2
(|01〉+ |10〉) (63)
C|10〉 = |φ−B〉 =
1√
2
(|00〉 − |11〉), C|11〉 = |ψ−B〉 =
1√
2
(|01〉 − |10〉) (64)
This allows us to introduce the next set of coherent states
|P+〉 = (Uˆ12CUˆ−112 )|ψψ〉 = Uˆ12C(Uˆ−112 Uˆ12)|00〉 = Uˆ12|φ+B〉 (65)
|P−〉 = (Uˆ12CUˆ−112 )|ψ − ψ∗〉 = Uˆ12C(Uˆ−112 Uˆ12)|01〉 = Uˆ12|φ−B〉 (66)
|G+〉 = (Uˆ12CUˆ−112 )| − ψ∗ψ〉 = Uˆ12C(Uˆ−112 Uˆ12)|10〉 = Uˆ12|ψ+B〉 (67)
|G−〉 = (Uˆ12CUˆ−112 )| − ψ∗ − ψ∗〉 = Uˆ12C(Uˆ−112 Uˆ12)|11〉 = Uˆ12|ψ−B〉 (68)
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The set |P±〉, |G±〉 is an orthonormal set of two qubit coherent states. And any two qubit
state can be expanded in this set as a basis. The concurrence formula for two qubit state
expanded in Bell basis
|φ〉 = s+|φ+〉+ s−|φ−〉+ h+|ψ+〉+ h−|ψ−〉 (69)
is given by
C = |s+2 − s−2 − h+2 + h−2|. (70)
Then we can show that for the state |ψ〉 expanded according to our basis
|φ〉 = b+|P+〉+ b−|P−〉+ c+|G+〉+ c−|G−〉 (71)
the concurrence formula becomes
C = |b+2 − b−2 − c+2 + c−2 |. (72)
V. MAXIMALLY ENTANGLED ORTHOGONAL TWO QUBIT COHERENT
STATES
Here we show that the set of states (65)- (68)
|P±〉 = 1√
2
(|ψ〉|ψ〉 ± | − ψ∗〉| − ψ∗〉) (73)
|G±〉 = 1√
2
(|ψ〉| − ψ∗〉 ± | − ψ∗〉|ψ〉) (74)
is maximally entangled set of orthogonal two qubit states. First we follow the reduced
density matrix approach. The density matrix for the pure states |P±〉 in coherent state basis
is ρ±P = |P±〉〈P±|. The reduced density matrix can be written as ρB = trB (ρ±P ) = I2 so that
tr(ρB) = 1 and tr(ρB)
2 = 1
2
, hence the reduced density operator ρB represents a mixed
state. Since the concurrence in this state is C =
√
2(1− trρ2B) = 1, |P±〉 are maximally
entangled states. Similar way it can be shown that |G±〉 are also maximally entangled states.
Explicitly for these states we have
|P+〉 = 1√
2(1 + |ψ|2)


1 + ψ¯2
ψ − ψ¯
ψ − ψ¯
1 + ψ2


|P−〉 = 1√
2(1 + |ψ|2)


1− ψ¯2
ψ + ψ¯
ψ + ψ¯
−1 + ψ2


(75)
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|G+〉 = 1√
2(1 + |ψ|2)


−2ψ¯
1− |ψ|2
1− |ψ|2
2ψ


|G−〉 = 1√
2(1 + |ψ|2)


0
1 + |ψ|2
−1− |ψ|2
0


(76)
which is convenient to calculate the concurrence for pure states in the determinant form
C12 =
∣∣∣∣∣∣
t00 t01
t10 t11
∣∣∣∣∣∣, where tij , i, j = 0, 1 are coefficients of expansion for states |ψ〉 in computa-
tional basis. Applying this definition to states (75), (76) we find that concurrence C12 = 1,
as we expected.
Finally if we add two spins
~ˆS± = ~ˆS1 ⊗ I ± I ⊗ ~ˆS2. (77)
and calculate the average of these spins in our states (73), (74) then we find that they vanish.
〈P±|Sˆz±|P±〉 = 0, 〈P±|Sˆ+± |P±〉 = 0 (78)
〈G±|Sˆz±|G±〉 = 0, 〈G±|Sˆ+± |G±〉 = 0 (79)
This property has been used as an operational definition of completely entangled states in
[15], which are considered as a maximally nonclassical states.
VI. OPERATORS AND THEIR Q SYMBOLS
Using coherent states one may represent operators acting on the Hilbert space in terms
of certain class of functions, which determines the operators completely and they are called
operator symbols [12]. For the Glauber coherent states the operator symbol A(α¯, β) =
〈α|A|β〉 is analytical function of complex variables α¯ and β and it is determined completely
by its diagonal values,
A(α¯, α) = 〈α|A|α〉, (80)
which are called Q symbol of operator A.
Operator symbols can be considered as functions on the phase space of a classical dy-
namical system. In this case coherent states may provide the naturel means for quantization
and its classical correspondence. In the following we consider the Hamiltonian operator H
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and its average 〈ψ|H|ψ〉 in our spin coherent states as Q symbol of H : QH(ψ). As it is well
known if an operator is bounded, then it always has a Q symbol [12], which is a value of
an entire function H(ψ, ψ) = 〈ψ|H|ψ〉. For spin model with finite number of qubits, the
Hamiltonian is bounded operator, this is why its symbol always exists and is representable
as a finite function. This function, the average energy in the coherent state, appears as
finite energy configuration in phase space of the system and can be considered as a soliton
in the phase space. Below we study the XY Z spin model for two and three qubit states,
and calculate Q symbol of H , as finite average energy in the coherent state.
Here we like to stress that our two qubit coherent states are maximally entangled states
and are determined by one complex ψ or two real parameters. These parameters can be fixed
by concrete physical requirements on minimal energy, or some constraints on fidelity, etc.
And this reduction will not change entanglement of the system. This why our Q symbol of
Hamiltonian appears as a finite energy soliton in maximally entangled two (three or higher)
qubit phase space.
• First we consider XXX model,
H = −J(S+1 S−2 + S−1 S+2 + 2Sz1Sz2) (81)
where Sx =
S++S−
2
, Sy =
S+−S−
2i
and
S+|0〉 = 0, S+|1〉 = ~|0〉 (82)
S−|0〉 = ~|1〉, S−|1〉 = 0 (83)
Sz|0〉 = ~
2
|0〉, Sz|1〉 = −~
2
|1〉. (84)
Then we find the Q symbol of this Hamiltonian in |P+〉 state is a constant
〈P+|H|P+〉 = −J~
2
2
. (85)
• For XXZ model
H = −J(S+1 S−2 + S−1 S+2 ) + 2∆Sz1Sz2 (86)
where J∆ = Jz we have
〈P+|H|P+〉 = −2~
2
(1 + |ψ|2)2 [−J(ψ − ψ¯)
2 + Jz(
(1− |ψ|2)2
2
+ ψ2 + ψ¯2)] (87)
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For ψ = x+ iy
〈P+|H|P+〉 = −~2 8Jy
2 + Jz[1 + 2x
2 − 6y2 + (x2 + y2)2]
(1 + x2 + y2)2
(88)
In Fig.1 we show the average energy surface as a function of x, y with two minima
extremum points.
FIG. 1: XXZ average energy in maximally entangled |P+〉 state for ~ = 1, J = 1, Jz = −2
A. Two Qubit case XYZ model
Here we calculate average energy for XY Z model
H =
1
2
[Jxσ
x
1σ
x
2 + Jyσ
y
1σ
y
2 + Jzσ
z
1σ
z
2 ] (89)
in two qubit spin coherent states (73, 74). In |P+〉 state we find
〈P+|H|P+〉 = −2J+(ψ − ψ¯)
2 + J−[(1 + ψ2)2 + (1 + ψ¯2)2] + Jz[(1− |ψ|2)2 + 2(ψ2 + ψ¯2)]
2(1 + |ψ|2)2 .
(90)
In Fig.2 we show energy surface as function of x = ℜψ, y = ℑψ with characteristic local
maxima points.
For the state |P−〉 we have
〈P−|H|P−〉 = 2J+(ψ + ψ¯)
2 − J−[(1− ψ2)2 + (1− ψ¯2)2] + Jz[(1− ψ2)(1− ψ¯2)− (ψ + ψ¯)2]
2(1 + |ψ|2)2
(91)
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FIG. 2: XY Z average energy in maximally entangled |P+〉 state for J+ = 1, J− = 1.5, Jz = −4
It is shown in Fig.3.
FIG. 3: XY Z average energy in maximally entangled |P−〉 state for J+ = 1, J− = −0.5, Jz = 2
For the state |G+〉 it is
〈G+|H|G+〉 = 2J+(1− |ψ|
2)2 − 4J−[ψ2 + ψ¯2] + Jz[4|ψ|2 − (1− |ψ|2)2]
2(1 + |ψ|2)2 (92)
In Fig.4 and Fig. 5 we show the average energy surface for different values of parameters
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and specific extremum structure.
FIG. 4: XY Z average energy in maximally entangled |G+〉 state for J+ = 1, J− = 0, Jz = 0
FIG. 5: XY Z average energy in maximally entangled |G+〉 state for J+ = −1.5, J− = −1.5, Jz = 1.5
For the state |G−〉 it is independent of ψ:
〈G−|H|G−〉 = −(Jz
2
+ J+). (93)
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B. Three Qubit case XYZ model
Now we consider three qubit coherent state
|PG+〉 = 1√
2
(|ψ〉|ψ〉|ψ〉+ | − ψ∗〉| − ψ∗〉| − ψ∗〉) (94)
This state can be obtained from maximally entangled GHZ state
|GHZ〉 = 1√
2
(|000〉+ |111〉) (95)
by unitary transformation U = U ⊗ U ⊗ U. This state is also maximally entangled and in
the special case ψ → 0 and ψ∗ →∞ reduces to the GHZ state.
Then we have energy
〈PG+|H|PG+〉 = 4J+|ψ|
2(1 + |ψ|2) + 2J−(1 + |ψ|2)(ψ2 + ψ¯2) + Jz(1− |ψ|2 − |ψ|4 + |ψ|6)
(1 + |ψ|2)3
(96)
It is shown in Fig.6 and has four local extrema points with two maxima and two minima.
FIG. 6: XY Z average energy in maximally entangled |PG+〉 state for J+ = −1, J− = −1, Jz = −1
Another three qubit coherent state
|PG−〉 = 1√
3
(|ψ〉|ψ〉| − ψ∗〉+ |ψ〉| − ψ∗〉|ψ〉+ | − ψ∗〉|ψ〉|ψ〉) (97)
is related with maximally entangled |W 〉 state
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FIG. 7: XY Z average energy in maximally entangled |PG+〉 state for J+ = 1, J− = 0, Jz = −0.5
|W 〉 = 1√
3
(|0〉|0〉|1〉+ |0〉|1〉|0〉+ |1〉|0〉|0〉) (98)
For energy in this state we have
〈PG−|H|PG−〉 = 4J+(1 + |ψ|
6)− 6J−(1 + |ψ|2)(ψ2 + ψ¯2)− Jz(1− 9|ψ|2 − 9|ψ|4 + |ψ|6)
3(1 + |ψ|2)3
(99)
It is shown in Fig.7.
All above figures show the average energy as function of ψ for maximally entangled
coherent states and can be interpreted as soliton configurations in q-bit parametric space.
Then, depending on number of qubits and parameters of the system we can identify local
extremum points as multisoliton configurations.
VII. TIME EVOLUTION
Here we study time evolution of two qubit state prepared as the coherent state. The
evolution operator
U(t) = exp[− i
~
Ht]
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FIG. 8: XY Z average energy in maximally entangled |PG−〉 state for J+ = −1, J− = −0.2, Jz = 0.5
is determined by two qubit Hamiltonian of XY Z model.
Here for simplicity we display particular case of XX model. If we choose initial state as
maximally entangled coherent state |P+〉, then we get evolution
|ψ(t)〉 = U |P+〉 (100)
=
1√
2(1 + |ψ|2) [(1 + ψ¯
2)|00〉+ e−iJt~ (ψ − ψ¯)|01〉
+ e
−iJt
~ (ψ − ψ¯)|10〉+ (1 + ψ2)|11〉].
For concurrence we have time dependence
C(t) = 2|t00t11 − t01t10| (101)
=
∣∣∣∣∣
(1 + ψ¯2)(1 + ψ2)− e− 2iJt~ (ψ − ψ¯)2
(1 + ψ¯2)2
∣∣∣∣∣ . (102)
For ψ = eiθ it gives
C(t) =
1
4
√
(2 + 2 cos 2θ2)2 + 8(2 + 2 cos 2θ2) sin2 θ cos
2Jt
~
+ 16 sin4 θ. (103)
and for the fidelity
F (t) = |〈ψ(t)|P+〉|2 (104)
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FIG. 9: Concurrence versus Time J = 1
=
∣∣∣∣∣
|(1 + ψ¯2|2 + e iJt~ |ψ − ψ¯|2
(1 + |ψ|2)2
∣∣∣∣∣
2
. (105)
By parameterizations |ψ|2 = 1→ ψ = eiθ we have
F (t) = 1− sin2 2θ sin2 Jt
~
. (106)
This show that at time t = 2pi~
J
, n = 0, 1, 2, ... the evolved state return back to maximally
entangled coherent state |P+〉. We display this evolution in Fig.9 and Fig.10.
VIII. CONCLUSIONS
In the present paper we introduced the set of maximally entangled two and three qubit
coherent states determined by antipodal points on Bloch spheres. In complex plane these
states are related with inverse symmetrical points under unit circle and can be interpreted as
a some type of source and image similar to hydrodynamic vortex case [14]. From this point of
view our coherent states realized method of images applied to quantum mechanical problem.
Some results on relation of Mo¨bius transformation to one qubit states were published in [16].
Very recently special type of permutation symmetrical states and their representation on the
Majorana sphere and action of Mo¨bius transformation on these states were discussed. But
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FIG. 10: Fidelity versus Time
our approach and results are different from these papers. Moreover, our procedure can be
extended to construct multi qubit coherent states. Interesting question here is constructing
the average energy as a function of phase space variables. We expect that the energy surface
in multi qubit case will show specific multi soliton type of structure where number of solitons
would be connected with the number of qubits. This question is under investigation.
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